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Abstract. Motivated by mirror symmetry, wc consider the Lagrangian 
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1 Introduction 



This is the second of two papers motivated by the problem of quantum 
corrections in mirror symmetry. More precisely, in the first part [2], we 
considered the torus fibration T 4 — > T 2 and a Lagrangian map / : L <^-> T 4 — > 
T 2 exhibiting some unstable singularity, and studied how this singularity 
break when L is slightly perturbed. We defined then the gradient lines of / 
and examined some of their properties. Here instead we want to analyse, in 
a neighbourhood of the caustic of /, how the bifurcation locus of gradient 
lines changes when L is perturbed. Since the problem is local, we can simply 
consider the Lagrangian fibration M 4 —>■ M. 2 . The study of the bifurcation 
locus of gradient lines for perturbations of / is harder than the similar one, 
examined in [2], regarding the caustic: indeed, since the caustic is the set 
of critical values of /, the matter is, in a sense, local, while it is global 
when studying bifurcations of solutions of V f x = 0, since global aspects of 
the flow of a vector field are involved. The problem is relatively easy for 
the fold and the cusp, but it becomes much harder for perturbations of the 
elliptic umbilic, because, being its bifurcation locus non-empty, its complexity 
increases considerably when a small perturbation is added. The main result 
of this paper is theorem 14. 14|, which is concerned with the bifurcation diagram 
of a small perturbation of the elliptic umbilic. The study of all these cases 
should help in drawing some ideas about the mutual positions of bifurcation 
lines and caustic. 

Acknowledgements. I wish to thank K. Fukaya, whose suggestions and 
help were decisive for the achievement of all the results here expounded. 

I am thankful to JSPS (Japan Society for the Promotion of Science) which 
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The dynamical system (10) in [2], when / is the generating function (2) in 
[2] of the fold in dimension 2, takes the form 



2 The fold 




(i) 
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Proposition 2.1. B — 0. 



Proof. The caustic has equation £1 = 0. The vector fields ([T]) has respectively 
two, one or no critical points, depending on whether x\ > 0, x\ = or x\ < 0. 
If Xi > the critical points are (y/x~i,X2) and (— s/xi, x-z). Linearizing the 
vector field in a neighbourhood of these points, we find out that (y/xi,X2) 
has two positive eingenvalues, so it is an unstable node, while {—■ s /xi,x 2 ) 
has a positive and a negative eigenvalue, so it is a saddle. Equations ([!]) can 
be easily solved: there is a gradient line from the node to the saddle, which 
is generic and stable, and whose image is the segment with the node and the 
saddle as extremes. At x\ = 0, on the caustic, the node and the saddle glue 
together in a saddle-node. □ 



3 The cusp 

For the cusp 



f(yi, V2) = jvt + v\v2 + -xyl (2) 



the dynamical system (10) in [2] has the form 

= y\ + 2y 1 y 2 - x x 




yl + y 2 - x 2 



and the caustic is the semicubical parabola 



\Xi\ = —\ -x 9 
11 3 V 3 



4 12 3/2 



defined for x 2 > 0. 



(3) 



Proposition 3.1. The bifurcation diagram of a small perturbation of the 
cusp, supported on a sufficiently small compact set W , has the following fea- 
tures, outlined in figure^ 1: 

1. for \x\\ > fy^a^ 2 ("outside" the caustic), Vf x has only one critical 
point: a saddle; 

for \xi\ < fy^f 3 ^ 2 ("inside" the caustic), V/ x has three critical points: two 
saddles, S\ and s 2 , and a node n; 
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for x± = |y 1^2 (the h branch of the caustic), V f x has two critical points: 
the saddle s 2 and the saddle-node ns\; 

for Xi = — f -y/f^ 2 (the l 2 branch of the caustic), Vf x has two critical points: 
the saddle si and the saddle-node ns2', 

at (0,0) (the vertex of the cusp), V f x has a degenerate critical point ns\s<ii 
2. if non-empty, B lies inside the caustic; moreover there exist a neighbour- 
hood U of the vertex of the cusp inside the caustic such that UdB = 0; in W, 
Bij, if non-empty, can contain lines, half-lines with origin at a point of k, 
segments with both the extremes on li or immersed S 1 's; By PI Bji = ; while 
two components B], and Bf, of By can intersect provided the saddle-to-saddle 
separatrices ■y SiSj of the vector fields corresponding to points of B\, and Bfj 
are obtained as intersection of the same pair of separatrices of s\ and S2- 




Fig.^1 : The bifurcation diagram of a small perturbation of the cusp 

Note that, while Lagrangian equivalent maps have diffeomorphic caustics, 
their bifurcation loci in general are not diffeomorphic. Note also that no 
bifurcation line has the vertex of the cusp as limit point. 

Proof. 1. All the statements follow from a direct computation of roots of 
Vf x and from the study of the sign of eigenvalues of the linearization of S7f x 
in a neighbourhood of its critical points. 

2. Bifurcation points, if they exist, lie only inside the caustic, where at least 
two saddles exist. Since, if non-empty and far from the caustic, the com- 
ponents of Bij are immersed submanifold of codimension 1, it follows that 
they can be either lines, half-lines with origin on the caustic, segments with 
extremes on the caustic, or immersed S^'s. 
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Suppose Bij fl lj 7^ and take p G B^ fl lj, then, by proposition (4.14) in [2J, 
there exists an open subset such that p G <9V and the phase portrait of 
V/ x , for x G V, does not exhibit the gradient line 7ns., ; when a; moves along 
a path in V ending at p, n and Sj glue together at p forming the degenerate 
critical point nsj, and so in the phase portrait of V/ p there would be two 
gradient lines with opposite directions joining nsj and Sj, which is not pos- 
sible, as shown in the proof of corollary (4.13) in [2J. 

Suppose the vertex v of the cusp belongs to B, then moving along paths end- 
ing at v contained into different connected components determined by B, the 
phase portrait of V/„ would depend on these paths, giving a contraddiction. 
The statement about the intersection of components of B is a consequence 
of corollary (4.18) in [2J. 

Finally, if W is sufficiently small, theorem (4.30) in [2J ensures in W the 
existence of a generating function having a bifurcation diagram with such 
features. □ 



Consider the elliptic umbilic in dimension 2, whose generating function is 



Proposition 4.1. The bifurcation locus B of ([3]) consists of three half-lines, 
with equations given by t — > te ta , for a = 0, 27r/3, 47r/3, and t > 0, and is 



4 The Elliptic Umbilic 



2/2) = Vi-yivl 



(4) 



The system (10) in [2J takes the form 





represented in figure [^} 1 ■ 



4 




Fig. HJl : The bifurcation diagram of the elliptic umbilic in dimension 2 

Proof. For (xi,X2) 7^ (0,0), system (jHJ) has two critical points: the saddles 
Si and s 2 

= yv^3 +Iii _ S9n(l2) ^^3_ Xi j 

S2 = f - ^^SM + XU S g„( X2 )^j VS+A _ x \ 

(on the caustic (xi,x 2 ) = (0,0), Si and s 2 glue together in a 2-fold saddle, 
also called saddle of multiplicity 2). Note that si and s 2 are symmetric with 
respect to the origin. Moreover, let (p, 9) and (r, a) be polar coordinates in 
the (yi, 1/2) -plane and (rri, x 2 )-plane respectively; suppose x 2 > for simplic- 
ity, then the phase of the saddles depends on the phase of the parameter 
(xi, X2) as follows: 

t9 e = ^ = El /(Ei) 2 + i = £££^ = i9 (-|) 

yi X2 V ^^2^ stna V 2/ 

This means that rotating the point (xi,x 2 ) clockwise of an angle a, the 
saddles rotate anti-clockwise of an angle a/2. Observe also that system (131) 
can be scaled, in the sense that, if y(t) is a solution of (jSJ) corresponding 
to x, then y(t) = t2/(t) is a solution of (J5j) corresponding to x/X 2 . So if 
a saddle-to-saddle separatrix exists for a given x, then it exists also for a 
positive multiple of x. This implies that the bifurcation locus is formed by 
rays with source in (0, 0). 

Note also that if y(t) is a solution of (jSJ) then —y(t) is also a solution of (jSJ). 
In particular, if a saddle-to-saddle separatrix exists, being the two saddles 
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symmetric with respect to the origin, it implies that the saddle-to-saddle 
separatrix itself is symmetric with respect to the origin. 

In polar coordinates, the generating function is written as 

f(p, 9) = p*cos9(\cos 2 9 - sin 2 9) 

and ([5]) as 

-j- = p 2 cos(39) — rcos{9 — a) 
— = p 2 sin(39) + rsin{9 — a) 

(JjL 

We look for solutions through the origin whose image is a straight line, im- 
posing the condition 9 constant. In order to get a non-constant solution, the 
second equation of <^ implies that 

sm{39) = 
sin(9 — a) = 

These equations are solved by 9 = kir/3, with k £ Z, and a = 9 + hn, with 
h £ Z. Only for k even we get a saddle-to-saddle separatrix. So B contains 
at least the half-lines with phase 0, 2ir/3 and 47r/3. Numerical evidences 
suggest that no other half-line from the origin belongs to B. □ 

Remark 4.2. Fukaya in [1] proposed a conjecture according to which the 
bifurcation locus is isotopic to a set of certain integral curves of the gradient 
field of the multivalued function 



IH I U U) 
l D 2 

where u is a pseudo-holomorphic disc bounded by the fibre over x and by 
the given Lagrangian submanifold. In this particular case the conjecture is 
verified. 

The next step is to determine the bifurcation diagram when a small per- 
turbation is added. A first result is lemma H~3| which gives information about 
the structure of the bifurcation locus outside a disc containing the caustic. 

Lemma 4.3. The bifurcation locus B(f) of a small perturbation f = f + f of 
f is, outside a compact subset D containing the support of f, diffeomorphic 
to the bifurcation locus B(f) of f . 
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Proof. We reason as in proposition (4.10). We repeat here again the argu- 
ment. Let x G £>(/) \ D, and call 7 the saddle-to- saddle separatrix between 
the saddles si(xq) and 32(^0) of V/ Xo . Consider a transversal r y ± to 7, identify 
7 -1 with some interval (a, b), and set, for every point x, h(x) = W u (si(x))r\ , ~f- L 
and k(x) = W s (s2(x)) fl 7- 1 - (note that, since x 3 D, f' x — 0, thus si(x) 
and s 2 (x) are also saddles of V/ x ). This defines a map ^/ : U(x ) — *• R, 
'(/'/(x) = /i(x) — A;(x), where U(x ) is a suitably small disc around x . The 
bifurcation locus is the subset ^^(O). Note that, since U(x ) \ ^(O) has 
two connected component corresponding to different signs of ipf, the map ipj, 
defined for a small perturbation / of /, still attain the value at a certain 
point x. Moreover, since ip is a submersion at xq, it is transversal to 0, and 
the point x is unique. □ 

It remains to study the bifurcation diagram near the caustic. We proceed 
by first determining the allowed bifurcation diagrams, then theorem (4.30) in 
[2] will ensure the existence of perturbations of / exhibiting such diagrams. 
As a first step, consider a perturbation given by a polynomial of degree 2, 
for example f'(yi, 1/2) = \{.Di + vl)'- ^ ne generating function is 

f(Vi,V2) = \vl - 2y iy 2 2 + l -(yl + y 2 2 ) (8) 



and © becomes 

dyi 22, 

-j- = -2ym + y2-x 2 

This is the only case where some computation is still feasible. 



(9) 



Proposition 4.4. The bifurcation locus of |2)) contains at least three half- 
lines departing from each vertex of the caustic, given by t — » te ia , for a = 
0, 2n/3, 47r/3, t > 0, and represented in figure\^2. 
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Fig. Hl2 : The bifurcation diagram of a perturbation of the elliptic 
umbilic by a polynomial of degree 2 

Proof. If x 2 — we find the following critical points: Si = \J\~ 

and s 2 = -xi), defined for x x < §, and s 3 = ( ~ 1 -^+ sr ,o) 

and n = ^ ~ 1+v/ 2 1+ — , 0^ , defined for x\ > — |. Linearizing ([9]) at these 
points, we see that s\, s 2 and S3 are saddles, while n is an unstable node for 
— \ < a^i < I and a saddle for x\ > |. The points Si, s 2 and n at Xi = |, a 
vertex of the tricuspoid, glue together into a degenerate critical point, which, 
for x± > |, turns into a simple (non-degenerate) saddle. Instead, at xi = —7, 
S3 and n glue together into a saddle-node, which disappears for xi > —\. 
This implies that, for (xi,^) inside the caustic, system has four critical 
points, three saddles and an unstable node, while outside the caustic there 
are two saddles. On each side of the caustic the node glues together with 
one of the three saddles, forming a degenerate critical point which disappears 
outside the caustic. 

A gradient line 7 nS3 from n to S3 can be explicitly computed, implying 
that the half-line x 2 — 0, X\ > |, belongs to the bifurcation locus: setting 
p = ~ 1+v/ 2 1+4x — and q = ~ 1-v/ 2 1+4x — , anc j choosing as initial condition a point 



8 



on the yi-axis between p and q, for example 0, 7„ S3 is given by 

X _ e (p-«)t 

{ y 2 (*) = o 

The existence of the remaining bifurcation half-lines, having the other ver- 
texes of the caustic as limit point, can be proved in a similar way. 

□ 

Corollary 4.5. If f is a generic polynomial of degree 2, up to translations, 
the bifurcation diagram of f — f + f is represented in figure [^} 3. 

Proof. As done in subsection (3.1) of [2], we can reduce to the hypothesis of 
proposition 14.41 as a consequence of a suitable translation. □ 

Before analysing a generic small perturbation of the elliptic umbilic (|4|), 
consider a generic small perturbations of ([8]). 

Proposition 4.6. The bifurcation locus of a small perturbation of (Ejj, shown 
in figure 3, has the following features: 

1. outside a compact subset containing the caustic K , there exist three bifur- 
cation lines (as for the unperturbed elliptic umbilic); 

2. generically, these half-lines intersect K at a point of one of its sides near 
a vertex and have as extreme a fold point on the opposite side of K , near the 
same vertex; 

3. as already described for the cusp in proposition \3.1\ inside K also im- 
mersed S 1 's or segments, with extremes on the same side of K , may appear 
as components of the bifurcation locus; 



yi(t) 
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Fig. Hl3 : The bifurcation diagram of a small perturbation of a 
perturbation by a polynomial of degree 2 of the elliptic umbilic 

Proof. The structure of the bifurcation locus far from K, as described at 
point 1, is a direct consequence of lemma H~3l This, together with proposi- 
tion (4.10) in [2], implies that the bifurcation locus contains half-lines with 
extreme on the caustic. If x is a cusp (a vertex) of K, then Vf x has a saddle 
Si and a degenerate critical point nSjSk- Suppose a bifurcation line B has x as 
limit point, then, for all £ e B(l N, where N is a neighbourhood of the vertex 
x, the field V/t exhibits a saddle-to-saddle separatrix j t , and, at the limit 
point x, a gradient line j v exists between Sj and nSjSk- Since j t is unstable, 
also 7„ is unstable. Thus, generically, the limit point of a bifurcation line is 
a fold of K. That a bifurcation half-line B intersects K on a side Zj and has 
a limit point on one of the opposite sides lj, is a consequence of the fact that 
the exceptional gradient line 7 s . Sfe , exhibited by Vf x for x G i3, breaks when 
one of the points Sj or Sk glues together with the node n in a saddle-node, 
but this happens just when x belongs to one of the opposite sides to k. The 
argument to prove point 3 is the same given for the cusp in proposition 13.11 
The proposition now follows from theorem (4.30) in [2]. □ 

The final step is to determine the bifurcation locus of a generic pertur- 
bation of (jl]). The behaviour of the bifurcation locus outside the caustic 
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is determined by lemma 14.31 The idea to study how the bifurcation locus 
looks inside the caustic K is as follows: we consider diagrams representing all 
the possible mutual positions of three bifurcation half-lines inside K, having 
an extreme on a certain side of K and intersecting further K at a point of 
the remaining sides, first assuming that such lines do not intersect, and we 
study which among such diagrams are allowed; then we do the same assu- 
ming bifurcation lines can intersect; finally, theorem (4.30) in [2] ensures the 
existence of a function / giving rise to such bifurcation diagrams. 

As before we denote by n and Si, i = 1, 2, 3, the node and the saddles of 
V f x , for x lying inside the caustic. Let U, for i = 1,2, 3, be the side of the 
caustic where the saddle Sj glues together with n. Observe that if a bifurca- 
tion half-line B intersects the side /j of the caustic and has its extreme on the 
opposite side lj, it means that, for x G B, V f x exhibits in its phase portrait 
the saddle-to- saddle separatrix 7 s . Sfc , from Sj to Sk, with k G {1, 2, 3} \ {i, j}: 
in other words, B C Bjk- Assume that bifurcation lines do not intersect. In 
this case, all the possible diagrams are drawn in figure H14. 
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Fig. |H4 : Possible mutual positions of non — intersecting 
bifurcation lines inside the caustic 

Lemma 4.7. Among diagrams in figure^ 4 > on ^V (A), (B), (C), (D), (G), 
(L), (M), (N) are allowed. 
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Proof. In all diagrams, the subset * is the one bounded by all the sides of the 
caustic. For every x G *, the phase portrait of V f x contains all the gradient 
lines jnsi, i = 1, 2, 3: indeed, as already explained in the proof of proposition 
13.11 if 7„ Si were missing, then, for x belonging to the side U of the caustic 
bounding *, S7f x would exhibit two gradient lines between the nsi and one 
of the remaining saddles, implying a contraddiction. The lemma follows now 
from proposition (4.19) in [2] with considerations as those in subsection (4.5) 
of 0. □ 

We study now the possibility of intersection between bifurcation lines. 
The possible intersections, depending on the positions of bifurcation lines, 
are listed in figure HI 5. 
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Fig. Hl5 : Possible cases of intersection of bifurcation lines 

In all these diagrams, the third bifurcation half-line, which is not shown, has 
a position such that the resulting bifurcation diagram is among those allowed 
by lemma 14.71 In what follows, l± denotes the left side of the caustic, 1% its 
upper side and I3 its lower side. 
Consider (a) (see figure HJ6). 




Fig. [4j6 : Intersection of bifurcation lines : case (a) 

Proposition 4.8. The intersection of bifurcation lines of (a) gives an al- 
lowed bifurcation diagram provided Vf x exhibits, at points of both bifurcation 
lines, a saddle-to-saddle separatrix obtained by joining the same pair of se- 
paratrices. 

Proof. The result follows from lemma (4.18) in [2]. At points of bifurcation 
lines the gradient line 7 S2Sl appears in the phase portrait of V f x , however 
this can occur in three ways: 

1) the non-generic gradient line 7 S2Sl in both bifurcations is obtained by join- 
ing the same pair of separatrices; the phase portrait of V/ z for x 6 a is 



15 



the same as the one for x G 7 and it contains the gradient line 7„ S1 , which 
disappears for x G (3 (see figure HI 7). 




2) the non-generic gradient line 7 S2Sl is obtained by joining different pairs 
of separatrices; the phase portrait of V/ x for x G a differs from the one for 
x G 7 (see figure [4j8) . 
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Fig. Hl8 : The bifurcation from a to (3 and from (5 to 7 respectively : 

2 nd possibility 

3) the non-generic gradient line '~f S2 s l in both bifurcations is obtained by join- 
ing the same pair of separatrices; the phase portrait of Vf x for x G a is the 
same as the one for x G 7 and it never contains the gradient line r j nsi (see 
figure 0J9). 




Fig. Hl9 : The bifurcation from a to (3 and from f3 to 7 respectively : 
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3 possibility 

The intersection is allowed only in cases 1) and 3). The phase portrait of 
V f x for x G 5 is equivalent to the one of V/ x for x G j3. □ 

Consider (b) (see figure |4jl0). 




Fig. ^10 : Intersection of bifurcation lines : case (b) 

Proposition 4.9. The intersection of bifurcation lines of (b) gives rise to an 
allowed bifurcation diagram. 

Proof. The phase portrait of Vf x , for i in a, exhibits all the gradient lines 
7„ Si , for i — 1, 2, 3, because a is bounded by all the sides U of the caustic (see 
figure Ull). 




Fig. Hill : The phase portrait of Vf x for x G a 

The phase portrait of V/ x , for x in (3 and for x in 7, are represented in figure 
below: from a to (3 the gradient line r y S2 s 1 appears and r y nSl breaks; from a 
to 7 the gradient line •y S2S3 appears and 7 nS3 breaks (see figure HI 12). 
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09) 




(7) 




Fig. |Ul2 : The phase portrait of S7f x for x G (3 and x G 7 respectively 

The bifurcations from /3 to 5 and from 7 to 5, in principle, can occur into 
two different ways, as explained in section (4.5) of [2]. However, the way 
gradient lines 7 nS3 and ■y nsi wind around the node to provide the bifurcations 
is fixed by the phase portrait of V/t, where t is the intersection point of the 
bifurcation lines. This is in turn determined by the bifurcations from a to /3 
and from a to 7, and showed in figure HJ13. 



Fig. H113 : The phase portrait of V/t where t is the intersection point 

of bifurcation lines 

The phase portrait of Vf x , for x in 5, is unambiguously determined (and 
shown in figure HI 14). The intersection is permitted. 
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Fig. |Hl4 : The phase portrait of Vf x for x G 5 

□ 



Consider now (c) (see figure IU15). 




Fig. HJ15 : Intersection of bifurcation lines : case (c) 

Proposition 4.10. Bifurcation lines of case (c) can intersect, however the 
new bifurcation diagram is allowed provided it also contains a new bifurcation 
line, from the intersection point to l-i and lying inside (3, at whose points the 
phase portrait ofVf x exhibits a non-generic gradient line •y SlS3 from si to s 3 . 
The bifurcation locus after the intersection is shown in figure^ 16. 
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Fig. ^16 : The resulting bifurcation diagram after the intersection 
of bifurcation lines in case (c) 

Proof. Whatever the position of the third bifurcation half-line is, the phase 
portrait of V/ x , for x in a, exhibits all the gradient lines 7 nS4 , for % — 1, 2, 3 
(see figure Hll 7). 




Fig. H117 : The phase portrait of V/ x for x £ a 

There is only one way to perform the bifurcations from a to (3 and from a 
to 7, obtaining the phase portrait showed in figure HJ18. 
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Fig. |Ul8 : The phase portrait of V/a, for x G (3 and 3:67 respectively 

According to proposition (4.19) in [2], in the phase portrait of Vf x for x G /3, 
shown in figure HI 18, a gradient line from s\ to S3 would provide a non- 
allowed diagram, so f3 can not be bounded by the bifurcation line, shown in 
figure HI 15, separating (3 from 5. In 7, instead, the gradient line 7 S2Sl gives 
an allowed bifurcation diagram, so the bifurcation line separating 7 from 5 is 
allowed. The bifurcation line separating 5 from (3 produces an allowed bifur- 
cation diagram, because the gradient line 7 S1S3 can appear in phase portrait 
S, though this implies for x G (3 a phase diagram of Vf x different from that 
shown in figure HI 18. However, as already explained in subsection (4.6) of 
[2], we can suppose that the intersection point t G #(2,1), (1,3) belongs also to 
$2,3 j so a new bifurcation line B 1 arises: B' is actually a segment with an 
extreme at the intersection point t and the other extreme on I2, where the 
saddle S2 glues together with the node. At a point x G £>', a saddle-to-saddle 
separatrix 7 S2S3 appears in the phase portrait of V/ x . Since the problem is 
crossing the bifurcartion line from (3 to 5, we suppose that B' lies inside (3. 
Call e the new subset determined in the bifurcation diagram by B', lying 
between (3 and 5. At points of £>', from (3 to e, in principle there are two 
ways to perform the bifurcation, that is, 7 S2S3 can be obtained by joining 
two different pairs of separatrices, however the choice is fixed, and shown in 
figure H119, by the phase portrait of V/t, where t is the intersection point of 
bifurcation lines (see figure ffi22). 
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03 - c) (e) 

Fig. |Hl9 : The bifurcation from (3 to e and the phase portrait of S7f x 

for x G e 

The bifurcation from e to 5, being characterized by a non-generic gradient 
line 7 S1S3 in the phase portrait of V/ x , is allowed. Since such line appears 
in the phase portrait of V/t, where t is the intersection point of bifurcation 
lines, the choice of the pair of separatices to be joined in 7 SlS3 is thus deter- 
mined (see figure HI 20). 




(e - 5) (5) 

Fig. HJ20 : The bifurcation from e to 5 and the phase portrait of V/ x 

for x G 5 

For x belonging to the bifurcation line separating 5 from 7, a non-generic 
gradient line 7 S2Sl must appear in the phase portrait of Vf x : again, since 
such a line appears in the phase portrait of V/t, the choice of the pair of 
separatrices intersecting in ■y S2Sl is fixed (see figure H121). 
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7\ 



(S -» 7) 



(7) 



Fig. [4J21 : The bifurcation from 5 to 7 and the phase portrait of V f x 

for x G 7 

The phase portrait of V/t, where t is the intersection point, is shown in figure 



Fig. H122 : The phase portrait of V/t where t is the intersection point 

of bifurcation lines 



Remark 4.11. Observe that there are five ways to break the exceptional 
gradient lines appearing in the phase portrait of V/t, shown in figure HI 22, 
as five are the bifurcation lines arising from the intersection point in the 
bifurcation diagram in figure HI 16. Note that 7 S2S1 and 7 SlS3 , as already 
explained in subsection (4.6) of [2], can break in such a way to give rise to 
the exceptional gradient line 7 S2S3 , which is not exhibited by any of phase 
portraits of Vf x , for x belonging to the bifurcation lines, when these do not 
intersect. 



H22. 




□ 
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Consider now (d) (see figure HJ23). Among those in figure H15, the only 
allowed diagram exhibiting this configuration is (D). 




Fig. H123 : Intersection of bifurcation lines : case (d) 

Proposition 4.12. The bifurcation diagram resulting from the intersection 
of bifurcation lines of (d) is not allowed. 

Proof. If the intersection were allowed, then the phase portrait of VJt, where 
t is the intersection point, would exhibit the gradient lines 7 nS2 , 7 nS3 and the 
non-generic gradient lines 7 S2Sl and 7 S3S1 , but such a vector field does not 
exist. □ 

Consider (e) (see figure Hl24). 




Fig. H124 : Intersection of bifurcation lines : case (e) 

Proposition 4.13. The bifurcation diagram resulting from the intersection 
of the bifurcation lines of (e) is not allowed. 
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Proof. If the intersection were allowed, the phase portrait of V/t, when t is 
the intersection point, would exhibit two non-generic gradient lines 7 S1S2 and 
7s 2S1 , giving a contraddiction. □ 

We realize that, inside the caustic, the bifurcation locus of a perturbation 
of the elliptic umbilic can be rather complex. We can resume all the results 
in the following theorem: 

Theorem 4.14. The bifurcation locus B of a small perturbation of the ge- 
nerating function 0) of the elliptic umbilic in dimension 2 has the following 
features: 

- outside a compact subset containing the caustic K , B exhibits three bifur- 
cation half-lines; 

- generically, these half-lines intersect K along one of its sides and have their 
extreme at a fold point of one of the opposite sides; 

- the allowed mutual positions of bifurcation lines and their possible inter- 
sections are described by lemma \477\ and by propositions \4-8[ \4-9[ \4-10\ \4-l% , 
JJ3 : 

- inside K , B can also contain immersed S 1 's or segments, with extremes on 
the same side of K. 
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